Various Quantum Field Theory Problems
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1 Lectures of Sidney Coleman, 2.1

In d space-time dimensions, determine the dimension (in mass units) of the canonical free
scalar field ¢. What about the dimensions of a Lagrangian density with self-interactions?

The action? The coefficients a,,? (as will be shown).

Solution:
Since we are dealing in natural units, we should first determine what the relevant remaining

dimensions are. By definition of natural units, we have
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Since we do not yet know the dimensions of the Lagrangian density for a free scalar field
(and likewise neither the action) in mass dimensions, we refer to the equal time commutation

relation between the scalar field and its conjugate momentum:

[Qﬁ(f, t)a qb(y_: t)] = qb(f’ t)¢(g7 t) - (b(?j’, t>¢(f7 t) = ihé(d_l) (f - g)

This is exactly what we need, as we can express the dimensions of either term on the left
hand side purely in terms of [¢], and we can determine the dimensions of the right hand side

using the definition of the d — 1 delta function:
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where we used the fact that [d"z] = [L|". Equation the dimensions of the equal time

commutation relation, and recalling that [h] = 1:

[GPIM] = (M = [¢] = [M]*? = [[¢] = [M]?”"

To determine the dimensions of a self-interacting Lagrangian density, we recall the fact that

the Lagrangian density is quadratic in its derivative:

Lo 0,00"¢ = [L] = [0,00"¢] = [$]2[M]* = | [M]*

since [0,¢] = % = [¢][M]. To find the dimension of the action, we simply integrate the

Lagrangian density over all spacetime:

5= [ diot = [8)= lle] = e = D <1
Now consider a Lagrangian density of the following form

1
L= 500" - > ang”

n>2

To find the dimensions of the coefficients a,,, simply apply the fact that each term in the

sum must have the same units and the units of the Lagrangian density:

009") = [aall6]" = [aa] (M]3 )" = [£] = [M]* = [[aa] = [M]™HF

As a sanity check, we look at the dimensions of the term as, as in the Klein Gordon La-
grangian, the recall that the coefficient of the ¢? is m? and describes the mass m of the free

particle:
lag) = [M?+4=% = [M]*+=¢ = [M)?

and this is true for any spacetime dimension d. This is good, as for higher dimensional
generalization of the Klein Gordon Lagrangian, the once self-interaction term should always

be scaled by the squared-mass of the particle.
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First, computing ayg )
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Substituting these expressions into the Lagrangian:

. (\/’Zsm T )2_§<\/’Z ) o (2 )>2

We can rewrite the Lagrangian by noting that (3., a;)’ = >_i; @ia; and pulling the sum-

and 8y dyt).

mation outside of the integral:

1o [° 2
= 020 [ st i ) T on (M) con () M )]
where n,m = 0,1,2,.... We can then apply the orthogonality of the sines and cosines on

the interval [0, a:

a a a
2 a

—/ cos(ﬂ)c (mﬂx)_énm
a Jo a

To derive the equations of motion for the system, we must first establish the degrees of

freedom, which are simple the Fourier modes of ¢(¢)check if this is the right terminology, so



the Euler-Lagrange equations are:
d (oL oL
dt \ 9q 0qn
OL 0 [=~0 (0ga(t)\> T rmm\2 ,
— %, " %, (;5 ("57) 5 () e

Since the set of functions ¢(t) = {q1(t), ¢2(t), ...} are independently-varying functions, we

have that %‘% = Opm

oL .
— 9, ™
dt Ogy, "

From a similar argument for the independence of the constituent of the constituent g, (t)

functions, we can easily evaluate gTLn:
oL _ 0 (§ao (Ol T (mye s
dq,  0qp — 2 ot 2\ a m
2
a

Thus, the resulting equations of motion are:

nm\ 2
UQn+T<_> Qn:O
a
It is convenient to rewrite this equation as:

i) == (") )

o a

as this is clearly the equation of motion for a simple harmonic oscillator. Thus, our equations

of motion are an infinite set of decoupled harmonic oscillators.

To calculate the frequency of each oscillator, we simply recall the simple harmonic equa-

tion of motion, & = —w?z. Thus, the frequency of oscillation for the n* oscillator is:

=7 ()

W
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Computing the change in the Lagrangian density due to the internal transformation as

defined:

¢a¢a — (Cba + QEQbCTLbeC) (¢a + Qeabcnb¢c)
= ¢a¢a + 296abcnb¢a¢c + 0(92)

The anti-symmetry of the Levi-Cevita tensor can be exploited:

296abcnb¢a¢c = 29€cba¢c¢a
= _2‘9€abc¢a¢c - 29€abcnb¢a¢c =0

where first the dummy indices were relabelled, following by applying €.., = —€qu. and com-
muting the fields. Thus we have ¢,¢, — ¢,¢4, so the potential term is left invariant under

the transformation.

Considering the kinetic term:

8,u¢aau¢a — (au¢a + eeabcnbau¢c) (a#¢a + eeabcnbau¢c)
= u¢aau¢a + eeabcnbau(baau(bc + 9€abcnbau¢cau¢a + 0(92)

Applying anti-symmetry again:
9€abcnbau¢ca“ Go = 9€cbanbau¢a5’“ Ge = _9€abcnba,u¢aa#¢c
This term precisely adds out the second term in the sum, so we have:
0uPa0" o —> 049a0" g

Thus the Lagrangian is invariant under the transformation ¢, — ¢,+0€eu.npd.. Calculating



the Noether current:

3
j* =) Do, ~ F"

a=1
_ oL _ 9 (1 v L _ 1 (00mta) . O(0"0a)
71'5 - (8;L§ba) - 3(@%) <28nu¢aa (ba 2m2¢a¢a> - 2 <a(aﬂ¢a) a ¢a + a(a#gba) au¢a>

0
1., 1

= 5 (070l + 0y0ug"™) = 5 (000 + 8"¢u) =
0

(¢a + eeabcnb¢c)
00

D¢a = = 6abcnbgbc

3
- jM = Z 6M¢a€abcnb¢c = 8M¢a€abcnb¢c

a=1

(the sum was dropped due to implicit summation) If we take the y = 0 component of the

Noether current and integrate over all space, we will recover a globally-conserved charge:

Q= [ @af' = [ & (camdo.)

Since () is conserved , it is conserved for any choice of the components of the rotation vector
n, so in particular we can choose n such that it is one of the standard basis vectors, ie

ny, = 0pq for a fixed d € {1,2,3}.

— Q= /dsxﬁadc¢a¢c = /dgxebdcébgbc = —/d3$€abc¢5b¢c

The second equality follows after the relabelling of dummy indices @ — b and the third
equality after relabelling d with a and using the anti-symmetry of the Levi-Cevita tensor.
Since @ is conserved, —() is conserved as well. We can then label this quantity (), according

to the free index:

Qa = /d3x€abc¢b¢c

Since we let n arbitrarily be one of the standard basis vectors, @), is actually 3 independent
conserved quantities, each corresponding to a different choice of d in ny, = dpq (In the rela-
belling from d to a, the conserved charge is really ()4 as a was not chosen to avoid a triple

index contraction).



Finding the equations of motion for the theory:

oL oL
=0y, = 0,| ———— | = 0,0"¢,
557 =7 = % (gay) = 9"
ac 9 (1 1 m2 [ Oy
- - % a2 - _ — _ 2 — _ 2
a¢a 8¢a <28u¢aa (ba 2m ¢a¢a> 2 <2¢ba¢a> m be(;ab m ¢a
oL B 8_5 R y B Cor, o
:6% a“(@(ﬁuqba)>_(m 8M8)¢a—0:¢a—v¢a m-o,
Computing the time derivative of Q),:
d B i 3 . B 3 . ..
%Qa - dt /d :Ceabc(bb(bc - /d T€abe ((bb(bc + (bb(bc)
- /d3x€abc§£b¢c (since Gabcébéc - _Eabc(bb(z.sc - 0)
= /dgxeabc (V2¢b - m2¢b) ¢c
= /dgxﬁabcv2¢b (Since 6abc¢b¢c = _eabc¢b¢c = O)

Integrating by parts:

/ PV = | 00 (Voy- ) d(OM) + / P reay Ny - Vo,
M

oM
where OM denotes the boundary of the region of integration and M is the region itself (in
this case, all of space), and 7 is the outward normal to the boundary. Since we assume our
fields to be physical, they vanish sufficiently fast at the boundaries so that the contribution
from the first integral is 0. Similarly, due to the anti-symmetry of €, e, €apeV@p - V. =
€ba Ve Vo, = —€upeVp - V. = 0. So we have:

dQq

=0
dt

from the fields directly.
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Under Lorentz transformations, the Minkowski metric is preserved:

v 'w, v
Nuut™ 2" = na e

_ O TAL AV
_nMVx‘IAUAT

Performing a relabelling of dummy indices in the unprimed line interval y — o, v — 7:

Nor®’ " = N’ N N = |17 = N A AN,

as desired. (the coordinates were "divided out” as suggested by the identification of the same

dummy indices, but this really just says that the equivalency is true for arbitrary 4-vectors)

Consider the infinitesimal transformation defined by A*, = 6#, + w* . For A*, to be a

Lorentz transformation, it must preserve the Minkowski metric:

nHVAuTAVU = N (6#0' + wﬂo) (6VT + wVT)
= Ny (5"05”7 + 0w+ wh 0"+ (’)(w2)) (since w is an infinitesimal transformation)

= Nor + nuoqu— + T]T,uw#g = TNor + Wor + Wre

For the Minkowski metric to be preserved, it must follow that w,, = —w,,. Raising the

indices on the equality via the Minkowski metric yields w’™ = —w™ as desired.

To construct the matrix w”, corresponding to a rotation through an infinitesimal angle 6

about the 3 axis, it suffices to construct a 4 x 4 matrix that leaves the coordinates ct and

2® unchanged while performing a 2-dimensional rotation of the coordinates z! and z? into



each other:

ct ct
1 xlcosf — x?siné
A —
2 2'sinf + 22 cos 6
a3 x3
1 0 0 0
0 cosf —sinf 0
e A:
0 sinf cosf O
0 0 0 1
1 000 0 0 0 0
B 01 00 n 0 cosf@—1 —sinf O
“loo 10 0 sin 6 cosf—1 0
0 001 0 0 0 0

Since the rotation is infinitesimal, the trigonometric terms can be expanded to first order:

&

=

Q
o o o o
o © o o
o o o o

To construct the matrix A corresponding to a Lorentz boost along the z'-axis by an infinites-

imal velocity v, we simply recall the 1D Lorentz transformations (in natural units):

R

.
v —yv 0 0 100 0 y—1 —yv 0 0
:A(J“ N e PR I
0 0 01 0001 0 0 00



Since v is infinitesimal, we can expand the matrix elements to first order:

5

vy 1

YU RV

0 —v 00
:>wﬂz_”000
v 0 00

0 00

Peskin & Schroeder 2.2

Consider the field theory of a complex-valued scalar field theory obeying the Klein-Gordon

equation. The action of the theory is

S = / d*z (0,0° 0" — m*¢* )

It is easiest to analyze this theory by considering ¢(x) and ¢*(x), rather than the real and

imaginary parts of ¢(z), as the basic dynamical variables.

a)

b)

d)

Find the conjugate momenta to ¢(x) and ¢*(x) and the canonical commutation rela-

tions. Show that the Hamiltonian is
H = /d3:U (7r*7r + Vo' -Vo+ m2¢*¢) .
Compute the Heisenberg equation of motion for ¢(x) and show that it is indeed the

Klein-Gordon equation.

Diagonalize H by introducing creation and annihilation operators. Show that the

theory contains two sets of particles of mass m.

Rewrite the conserved charge
Q= [ & (en —m0)

in terms of creation and annihilation operators, and evaluate the charge of the particles

of each type.

Consider the case of two complex Klein-Gordon fields with the same mass. Label the

fields as ¢,(x), where a = 1,2. Show that there are now four conserved charges, one

10



given by the generalization of part (c), and the other three given by
@ = [ 5 (610 )i - 7l hatr)

where o' are the Pauli sigma matrices. Show that these three charges have the com-
mutation relations of angular momentum (SU(2)). Generalize these results to the case

of n identical complex scalar fields.

a) Given the action S = [ d*z (9,¢*0"$ — m?¢*¢), the Lagrangian is immediately given by
L =0,¢"0"¢ — m?¢*. Computing the conjugate momenta:

Ho_ a£ — a a *au o 2 x
b= 5@ Tl T me9)

a (au(b) _ L) 2 *
90

oL 0
— au *al/ o 2 1k
9 (0,0) (@wﬂ #0°¢ —m¢¢)

=0 22; & ¢t =

The canonical commutation relations are

IT

b
H¢*—

t )o* (4, )] = [&(

I15(7, 1), I (7, 1) ] = [TI5(7, 1), 3. (4, 1)
| =le"(@. 1), (7. 1)]

= [¢"(7,1), s (4, 1)] = — )

46" (§,8)] = 0
:Uwv>nwam:o

'_'3‘31

The Hamiltonian (density) is

H =101)00¢, — L = I1}000 + 1. 09" — L
= 0"9" 00 + 0" 900" — 0,07 0" ¢ +m*¢"¢
= 090" + V" - Vo +m?¢"¢ = 0°60°¢" + Vo™ - Vo + m?¢*¢

In terms of the conjugate momenta, the Hamiltonian is

= |11+ Vo' - Vo +m?p o

11



Where 7 = Hg and 7 = Hg,*. Integrating over all space:

H = /d3a:7-L(a:) = /d3x (77 + Vo' - Vo + m°¢*9)

Computing the Heisenberg equation of motion for ¢(x):

o = iHG0, 0 0] = | [ @ (7 @070 + T97 G0 - Vol o)+ mPoli. 007 (G.0) ol

i / &y [x* (7,0 (F,1) + V' (5.1) - VO(F, 1) + m*(5. )6 (§,1)) , 6(7. )]

Since fields and their spatial derivatives commute, we can restrict the commutator to the

first term:

Computing the equation of motion for m(z):

%g’ D i H @), 7 (7 1)] = i / dy [7* (7, )7 (g,) + V&' (4,1) - VG, t) + m*$(§. )¢ (7,1)) , m(,t)]

In this case we can only neglect the commutator of 7(Z,¢) with the first term:

/d3y (Vo' (g,t) - Vo(y, 1), 7 (T, 1)] = /dgy (Vo' (4,1) - [Vo(g, ), m(Z, )] + [VO" (4, 1), 7(Z,£)] - V(¥ 1))

We can ”pull out” the gradient from the commutator (Have yet to find a rigorous justification

for this, see Coleman p.70):

/d?’yvcb*(yT t)-[Vo(y, 1), (7, 1)] = /d?’chb*(??, t)- Ve, t), n(,1)] Zi/d3yv¢*(y7 t)- Vo (7 - )

12



Integrating by parts:

Bv =V (j— D)y = v=06¥(j— 1)
4 d
u=Vo'(yt) = du= a—yj(vm*(g)‘, t)dy = d'u=V’¢"d’y

= / EyN et (i) - VoI (i — F) = i (w*@, £)6 (5 =)o — / Ay 6" (i, £)6P (i — f))

= _iv2¢* (f7 t)

(Integration by parts justification for v is scuffed) Computing the final commutator:

/d?’y [m*o (7, 1)¢* (4, 1), n(Z,1)] = /dgy (m*¢*(4,1) [6(7, 1), 7(Z,1)]) | = im?¢*(T, 1)
on (7, 1)

ot
= (V2 —m?) ¢*(&, 1)

=i (im*¢*(Z,t) — iV>¢*(Z,1))

It immediately follows from the equations of motion that the ¢* fields obey the Klein-Gordon
equation for a massive scalar field of mass m, and since the Hamiltonian is symmetric up to

commutation in ¢ and ¢*, the ¢ fields will also obey the Klein-Gordon equation.

b) To introduce creation and annihilation operators, we solve for the fields explicitly.
Since both ¢(z) and ¢*(x) obey the Klein Gordon equation, ie

(0,0" +m?) ¢ = (0,0" +m?) ¢* =0

the fields ¢(z) and ¢*(x) can be expressed as a superposition of plane wave solutions, with

the caveat that ¢ (and naturally ¢*) no longer must satisfy Hermicity:

Where a;, and by are independent annihilation operators. Evaluating the constituents of the

13



Hamiltonian:

9] 3k : . Bk 4 .
7 =0""(z) = / E ale™® 4 bemhT) = /3— iwz)ale™® + (—iw:)bze "
0 =50 | @ty (™) = | G (Rt i)

T

Ekd®p \J0pop . . ,
= 71 = ( ) / p k p < T _ipx bﬁefzp.x> (b%ezkm . ak‘efzk-:c)

(2m)3
31730 e

= /d(de)p 5 ( T*bT k) babT —ilp=h)z a}ake (k= p)+a bye ™" e )
T

(it’s worth noting that I actually computed 77* and not 7*7, but we know these quantities

are the same due to the second quantization conditions already established)

/d?’w(w*ﬂ) = _/d3xd3kd3p 'wEwﬁ( Tpt

T
(2m)3 2 UK

e~ i=p=Fk)-z — by bT —i(p—k)-x cua,—ﬁ»e i(k=p) 4 aEbﬁe—i(erk)w)
Recalling that the Fourier transform of a complex exponential:

3 P — —
/(dw iERYE — 5@(F — )

27)3

d3kd3

tbte—a—w—w)t iERT _ pplemilopentemihmnE
k

WrWp
t 7i(wl~€»7wﬁ)t6_i(ﬁ_i€’),i

= [t
—azage + algbﬁe_i(

dkd®p Fot i)t T iwp—wp)t 5(3) (7 t oot @rwpts®) (5 _ I
- _ 5 \/@(J’ iz & (k+p}—b~b Pt (k:—ﬁ)—aﬁa,;e PR (P — k)

wﬁ+w,;)t€_i(—ﬁ_1€)-f)

Taghpe TR0 (5~ F))

14



= d’k bT Ziwgt _ p_pt T b o~ 2iwgt
= — 5 —wg z @ ;;_a;;a12+a1€ e

- . d3k} ) .
Vo= [ (Rage ™ 4 (i) =i / (<t o)
277' 5 E k
d’p . .
\Y% _/— 1 ate””” 72 b~e lp'x Z/ atelpI+bf—sz
o= | oty (P el )

Brdkdp - | -
- /d%V(b* Vo =— / _Gre ey (k’ p) <CLTJ)JL€ i(—wp—wy )tefz(kJrﬁ) z _ bﬁbl]%efl(wﬁfwlz)te—z(kfﬁ).z o

3 0~ Pk
2(2m)3, fwrip
typ (CETOP e BRE | i(wptwp)t i~ R)
— azage + agbye TR e )

-

31.43
_ _/ d’kd’p <];’ > (a JLbT i(wptwp)t 5(3 (E—l-ﬁ) _ b-'biei(wg—i_wﬁ)t(s(?’)(l; —p) - ata-ei@rwpts®) (7—F)
N o iz

Fagbge " WrteRts®) (5 — k)

&k | ,
= / —k’2 (aik‘bl]%emwgt + bEb}% + a]]%al_é + al_ébilgef%wgt)

2(4),;

since k - p= 42 depending on whether p'= +k:

m2d3kd®p . . , ,
m ¢ gb / (a;;elp'w + bﬁe—lpvx) <aEe—zk-w + b]]%ezk-x>

2(2m)3 N

15



2d3kd3 P . . Lo . o =
:/m <a;az i(wp—w )te—z(—k+ﬁ')-x+aEbﬁe—z(wE-&-wﬁ)te—z(—kz—ﬁ)'x_i_b%a;ez(w,;-&-w,;)te—z(k-&-ﬁ)m
V kP
+b4)T i(wi—wp)t, Z(E—m.z*)

2 131..93 3 ~ -
— /dSI' m2¢*¢ _ m d kd / d’x (Z—»Clk z(wg—wﬁ)te—i(—k—i—ﬁ}f + aEbﬁe—i(wE—l—wﬁ)te—i(—k—ﬁ)-ac
Wiy

_i_biate ptwp)t —z(k—&-ﬁ)z_’_b bT z(wa—wp)t —i(k—p)-& >
m? d3kd®p
2, [wrwy
+ byble i (F — 7))

<6L~CL e —i(wp— wﬁ)t(s 3)( E+1§') +aEbﬁe—i(wE-l—wﬁ)té(S)(_E_ﬁ) +b£a}e“w1¥+°’ﬁ)t5(3)(l?+ﬁ)

m? d3k<
K

-»Clk—f-a,;b ke inat b _‘621wﬂt+b bT)

20)];

Thus the explicit form of the Hamiltonian is then

&’k 2 T 2 ot T T — 2wt 22 (1 3t 2iwpt T T — 2wyt
/ 2oz [ — ws ( —Eb w bEbE —azag + aph_pe "F ) +k (a—EbE€ R 4 bEbg +agag + agh_pe =F >

+m? <a£a;€' + agh_ge " E 4 blal PR 4 bEbITC,)]

From the relativistic dispersion relation w? = k2 4+ m?2, the Hamiltonian simplifies greatly:

d*k L 1 T
H= / m [w% <b,;b’2 + a%a,;) + K <b,;bE + aEa,g> +m® (a%a,; + b,;b%)

2i 1 T 2iw;
+m? (a,;b_ke wit —|—bk € Wk)

_ / gik2w< Lag + bybt) = / &k e (akag + beb)

Applying commutation relations (since ¢ and ¢ are free fields, we know that the constituent

Fourier modes obey creation/annihilation operator algebra):

/ @' wy (alog + bbt) = / @k wy (atag + blog + 09(0))

From this form of the Hamiltonian, we see that our theory contains two free particles, as
the total Hamiltonian is the sum of the individual Hamiltonians for independent free par-

ticles (we can systematically ignore the infinite delta function under the integral, as this is

16



effectively just setting the "zero” of the energy, similar to how what altitude you measure

gravitational potential energy from is arbitrary).

It’s also worth noting why we are even dealing with a Lagrangian of this form in the
first place - it turns out that if you construct a theory of 2 free non-interacting particles
that is only dependent on the norm of the sum of the fields, then the theory will exhibit an
SU(2) symmetry, ie a rotation of the fields in "field space.” This can also be expressed in
terms of complex-valued fields as shown in this problem, where the Lagrangian now exhibits
a U(1) symmetry, except now we are dealing with a transformation that is a number, ¢, as

opposed to a rotation matrix.

c) Rewriting the conserved charge Q = [ d*z gzﬁ — m¢) in terms of creation and

annihilation operators (which will be a'/b" and a/b respectlvely):

3. 731. 73 . -
/ d3x¢ _ /d xd’kd’p ( TbT witwp)t o —i(k+p)T _ atafi(wg—wﬁ)te—i(k—ﬁ)~f
2(2m)3 Wy kP

+ bybleiler et iR b,;aﬁe—uw,;w)e—a—ﬁ—m-f)

[ BkdPp  [wy ot . o )
:7,/ 5 w—f(a%b;@( it p)t5(3)(k+ﬁ) —agaﬁe( P p)t5(3)(k_ﬁ)
+ b bJr (wp—wp)t 53) (p _ E) _ bk’aﬁeii(w’frwﬁ)té(g)(—]; _ ﬁ))

Ak .
= z/ 5 < TbJr e2irt — ﬁak + by bﬁ— bra 5672“"?5)

From a similar calculation:

/ B wp =i / d%( ap + alb_p* i — bra ~e*2iwzt—bfb~>
5 \%x% 4 P

In all we have:

. Bk
/ Bz (" —7wp) =i / 5 (—2a£al—5+2b£bg>

— |Q= / @k (ata — blg)

This quantity is precisely the number of a particles minus the number of b particles, and
from the sign convention, a particles have a charge of +1 and b particles have a charge of
—1!

(to compute f d®x m¢, one could take the conjugate of the previous quantity ¢*7*,

17



however my own attempt of this did not work)

6 Unknown source

Show that replacing the Lagrange density £ = L (¢q,0,¢a) by
L' =L+ 0, (x)

where A*(z),u = 0,...,3, are arbitrary functions of the fields ¢,(z)(i.e the coordinate de-
pendence of A is implicit in its dependence on the fields), does not alter the equations of
motion. Thus, when constructing the most general Lagrange density for a field, we do not

have to include terms which are total derivatives.

Solution - Given that the equations of motion are yielded by constraining the variation
of the action to vanish, it would suffice to simply integrate the Lagrange density L' over
all spacetime and argue that the contribution to the action from the total derivative term
contributes only a boundary term and thus vanishes, but this is not very enlightening, at
least to me. Instead, we compute the equations of motion for the Lagrange density £’ and

show that these are the equations of motion for L:

oL _ 9 oL O(L+ J,A") _ 9 I(LA+0,A) 0
e " 0(0ua) 0q " 0(0,¢a)
From linearity of the partial derivative, we get:
oL (0, A*) (0, A*)
_ - _ T H _ H —
00, et "o, V00,00

This equation is suggestive - the left-hand side is the sum of the LHS of the equations of

motion for the Lagrange density £ and 2 extra terms. If the sum of these last 2 terms is 0,

oL
’ Oda
)) = 0. (You can think of this as showing

then we precisely recover the equation of motion for £
has been reduced to showing that 8(227) -0, gg’:g:

that the variation in the equations of motion due to the transformation of the Lagrange

— 0, = 0. Thus, our problem

density vanishes):

(0, A") 0 (8/\”8%) 09, 0 (8/\“) +8A“ 0 (6(;5@)

06 Odg \ 0y 0zt ) — 021 0y \ 0 ) = O 0dg \ Dt

The last term % (gi’z) vanishes by construction of the Euler-Lagrange equations - recall that
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in classical mechanics, generalized coordinates and their velocities are treated as independent

variables, ie gg.“ = 0. The field theoretic analog is that fields and their spacetime derivatives
are treated as independent variables, ie a(g¢(‘; y = 0 (and thus the reciprocal derivative
nPa

vanishes, which is the term of interest):

06, 0 (0N 0N 9 (09,\ _00s O (0A\ _ (0N
7 0ur 09, (3%) " 964 004 (396") ~ Oai D¢, <3¢>a> - <@Tﬁa>

where the chain rule is applied in the last equality:

0, (227) 9(50:52)\ _, (5, 2(8)  ov ()
"\ 9(8,0a) "\ 9(0,9a) N0 (00¢a) T O0Ba O (0,04)

Recalling that A¥(¢,) is purely a function of the fields ¢, (i.e. not a function of spacetime

derivatives of the fields 0,¢,), we then see that 9A% also is independent of the spacetime

0¢a
ot OAF o (oA _ 9 A
derivatives of the fields, as i 0 = Jon <6(6y¢>a)> = 50,30 <8¢>a> = 0, so we are left
with:

d (0 A*‘)) B (8A”6(8Mq§a)) o oA (8A”)
o, | =—~) =09, =0, oY, =0,
( a (8V¢a) a¢a 0 (au¢a) 8¢a a a¢a

In all, we have:

- 9. 99,

HONY) @AY (OAR (DAY
9, 8”8(%)‘8"( )a( )‘O

And thus nga — 911" = % — 0,I1*, = 0, i.e. the equations of motion for the tranformed

Lagrange density are the same equations of motion for that of the original Lagrange density.

7 Sidney Coleman Chapter 19

The following problem is motivated from an excerpt in Sidney Coleman’s notes reqarding the

construction of a Lorentz-invariant action for spin 1/2 fields

Consider the 2-component spinors u, and u_ which transform under Lorentz transfor-

mations according to the spin 1/2 representation of the Lorentz group:

iG-e2

Uy —> € 7~ 2U4
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for a rotation, and

7.68
Uy — ei" €2ui

for a boost, where & = (0,,0,,0,) are the Pauli matrices, # is the rotation angle about
the é axis and ¢ is the rapidity of a boost in the é direction such that cosh¢ = ~,

where 7 is the Lorentz factor. Show that the components of V# = <u1u+,uic?u+> and

Wh = (utu_, —u! 5’u,~> transform as 4-vectors under (i) a rotation about the z-axis and (ii)

a boost along the x axis.

Solution - For a rotation # about the z-axis, & - ¢ = 0,. Then the fields transform as:

.9
Uy —> € 72Uy
3 [
ul, — ul ez
T iO’zg _ia'zg . T
= ulu; —r uy e Uy = uluy
So uLqu is invariant under spatial rotations about the z-axis (and for any axis é, as the
vanishing of uLqu is obviously independent of the explicit value of ¢ - €). Computing how

T2 .
ul ou, transforms:

S 0.0 = i,
uiau+ — uiew”ae R

Since uic?qu is a vector quantity, we can check how its components transform individually,

starting with the o, component:

t oyl —io, 2 1 io, 8 —io,? 1
ul e zoe7 % 2uy = uloe2e T 20, = uloLuy

Thus we see that the z component of & does mot transform under a rotation about the
z-axis, which is exactly how we expect a component of a "real” vector to transform under

rotations about its own axis. For the other two components, o;, i # 2z, we note the Pauli
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anticommutation relations, {o;,0;} = 2J;; and anticommute:

2 2
. . 0 (io,2 0 (—iol
ulelUZgaie*ZUzgu+:u1_ (14—20'254_@_’_)0-1 (1—2025+@+)U+

2! 2l
= ul o (1—¢azg+(i%g)2+m) <1—iazg+(_ig—fg)2+--->u+
= ul o (1_wzg+(_i;—fg)2+...> <1_wzg+(_ig—fg)2+...>U+
:uiaie—iozge—iUZ§U+ :uiaie""”zemr ZULUZ’ (1—i029+%+'”) Uy
:uiai(l—g—?—i—;l ----- iaz{9+z—?+---})u+

= uiai (cosf —io,sinf)u, = uiaiu+ cosf — iuiaiaqur sin 0

(note that any number-valued symbol has an implicit identity matrix multiplying it). Using
005 = 0;5 + 1i€;j;0%, We have 0,0, = —ioy, and 0,0, = i0,:
— uiamqu — uiaxu+ cosf — uiaqur sin 0

i i i :
uloyuy — uloyug cost +uloyuy sinf
or in compact notation:

xr —> xcosf —ysinf

y —> ycost + xsind

This is exactly the transformation rule for vector components orthogonal to the axis of ration
in 3-space! In all,
i P i ] o : i ] : i
Ui uy,ulouy | — (ulug, uloguycosd —uloyuysing, uloyuy cosd + uloyugsing, ulouy

which is precisely how a 4-vector transforms under a rotation of angle 6 about the z-axis! It

is an identical exercise to show that W*# transforms in the same way.

Under a boost in the x direction, we have ¢ - é = o,. The transformation rules for u are

21



then

o
Uy — € 2U4

ui — uT 6‘7”2

2
o
:uimr—>uTe%26”“2u+:uieaqur—qu <1—|— xgb-I—( 2?) +--->u+

¢2 ¢4 3 5
(1+§+Z+ {gb+——|—a—|— ]>u+ (Coshgb+axsmh(b)u+

= u1u+ cosh ¢ + u+axu+ sinh ¢ = V% cosh ¢ + V'sinh ¢

where V? and V! are the temporal and x-component of V#. Recalling Lorentz transforma-

tions of the radial 4-vector for a boost in the x direction (z') z* = (¢, z, vy, 2):
2’ — v (xo + U:L‘l) = cosh ¢ (a:o + tanh gb:vl) = 2% cosh ¢ + z' sinh ¢

But this is exactly how VY transforms under a boost along the x direction, so V° properly
transforms as the temporal component of a 4 vector under Lorentz transformations. The x

component of uic?mr transforms as:

uioqur —>uT 0725 Oy %% Uy = uioze"ﬂ”“ﬁmr = uiaw (cosh ¢ + o, sinh ¢) u

= ulamqu cosh ¢ + uLqu sinh¢ = V' cosh ¢ + V'sinh ¢

SO uiammr transforms as the x' component of a 4-vector under a boost along the x axis. For

the y, z components:

¢ ® . g 8
ul oy oy — ul e 20, 0% uy = ulo, e e, = ul oy uy = VS

so the y,z components of V# are invariant under boosts along the x axis, as expected for

a 4-vector quantity. In all, we see that V* transforms exactly like a 4 vector under boosts

along the x-direction!

It’s worthy to note that these transformation rules generalize to arbitrary boosts 7 - é
(along with spatial rotations and translations) and thus V* is a true 4-vector, as is true for
the quantity W*. It turns out that writing the sum V* + W*" in a compact form is a method

to motivate the gamma matrices seen in the Dirac equation, (iy*0, —m) ¢ = 0.
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Repeating the same exercise for W#:

T

gl 50 _
wul —sule e ay_ =yl ey =

¢* ¢ ¢° ¢
<+§+E+ ¢+§+§+ U_
=ul (cosh¢ — 0, sinh @) u_ = u' u_cosh ¢ — u' o u_sinh ¢ = WO cosh ¢ + W'sinh ¢

f

so u_u_ transforms as the temporal component of a 4-vector. Note that the minus sign

prescription —ul

Fu_ is necessary to yield a transformation of the form U° — U cosh ¢ +
U' sinh ¢, as the minus sign multiplies out the relative minus sign present in cosh ¢—o, sinh ¢,
which was not present in the transformation of the corresponding temporal term in V#, u1u+.
This discrepancy is, of course, due to difference in the transformation law between u, and

u_ fields under Lorentz boosts.

Working out the transformation laws for the spatial components W

— utawu_ — —ul

=—ulo, (cosh ¢ — o, sinh¢p)u_ = —ul oyu_cosh ¢ + ul u_sinh ¢ = W' cosh ¢ + W0 sinh ¢

P o @ 1 —0p
o, 10 _ o
e 20,6 TTU_ = —U;0ze TTU_

so W' transforms as the component of a 4-vector along the direction of relative motion, as

expected. It is an analogous exercise to show that W23 — W23 as in the V* case.
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